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Abstract: The principal filtration of the infinite-dimensional odd Contact 
. Lie superalgebra over a field of characteristic p > 2 is proved to be invari- 

' ant under the automorphism group by investigating ad-nilpotent elements 

and determining certain invariants such as subalgebras generated by some 
ad-nilpotent elements. Then, it is proved that two automorphisms coincide 
if and only if they coincide on the —1 component with respect to the princi- 
pal grading. Finally, all the odd Contact superalgebras are classified up to 
. isomorphisms. 
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§ ; 0. Introduction 

As is well known, filtration techniques are of great importance in the structure and clas- 
sification theories of Lie (super) algebras. A descending filtration of a Lie superalgebra 
■ L is a sequence of Z2-graded spaces L ^ Lq D Li D ■ ■ ■ for which [Li, Lj] C ij+j holds 

^ I for all In the situation that the Killing form on a simple Lie (super) algebra is de- 

generate, the filtration structure plays a particular role. A filtration L = Lq Z) Li D ■ ■ ■ 
of a Lie superalgebra L is said to be invariant provided that i^{Li) C Li for all i and 
all automorphisms ip of L. We know that the simple Lie (super)algebras of Cartan 
type possess various natural filtration structures, for which the invariance may be used 
to make an insight for the intrinsic properties and the automorphism groups of those 
Lie (super)algebras. The filtration structures have been studied for the finite dimen- 
sional Lie superalgebras of Cartan type, for example, in 0, 0, 12,] the invariance of the 
natural filtrations was determined for the generalized Witt superalgebras, the special 
superalgebras, the Hamiltonian superalgbras and the odd Hamiltonian superalgebras. 
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The reader is also refereed to for the similar work on certain infinite dimensional 

modular Lie superalgebras of Cartan type. Let us state the main results of this paper. 
Write KO{n,n + 1) for the infinite dimensional odd Contact Lie superalgebras over a 
field of prime characteristic (see Sec.l for a definition and more details). KO{n, n + 1) 
has a canonical filtration structure known as principal. By means of characterizing 
ad-nilpotent elements of KO{n, n + 1) we first obtain in this paper that: 

• (Thcorem l4.1|) The principal filtration of the odd Contact Lie superalgebra is invariant 
under the automorphism group of the Lie superalgebra. 

As a consequence the automorphisms can be characterized as follows: 

• (Theorem 14. 4p Two automorphisms of the odd Contact Lie superalgebra coincide if 
and only if they coincide on the —1 component with respect to the principal grading. 

Finally we classify all the infinite dimensional odd Contact Lie superalgebras up to 
isomorphisms: 

• (Theorem 14. 5p KO{n, n + 1) = KO{m, m + 1) if and only If n — m. 

1. Preliminaries 

Throughout F is a field of characteristic p > 2; Z2 :~ {0, 1} is the additive group 
of two elements; N and No are the sets of positive integers and nonnegative integers, 
respectively. Let 0{n) be the divided power algebra with F-basis {2;'^"^ | a £ Ng}. Note 
that a;(°) := 1 G 0(n), where = (0, . . . , 0) £ NJf. For := {6,1,6,2. ■■■ ,Sir,) G N^J, 
write Xi for where i — 1, . . . ,n. Let A(m) be the exterior superalgebra over F in 

m variables Xn+i, a;„+2, . . . , Xn+m- Set 

B(?7i) := {(ii, ^2, ■ ■ ■ ,ik} \ n + 1 < ii < i2 < ■ • ■ < ik ^ n + m, k G 0, m} . 

For u := (ii, 12, . . . , ife) G B(m), write \u\ :— k and x" := Xi-^Xi^ ■ ■ ■ Xi^,. Notice that we 
also denote the index set 12, . • . , ife} by u itself. For u,v € B(m) with uDv — 0, define 
M + w to be the uniquely determined element w G B(m) such that w — uUv.lfvGu, 
define u — v to he w G B(m) such that w = u\v. Clearly, the associative superalgebra 
0{n,m) := C'(n)(g)A(m) has a so-called standard ¥-hasis {x^°'^x'^ \ {a,u) G Nq xB(m)}. 

Let dr be the superderivations of 0{n,m) defined by dr{x'^"'') = x^"^"^'' for r G l,n 
and dr{xs) — 6rs for r, s G l,n + TO. Here l,n is the set of integers l,2,...,ri. The 
generahzed Witt superalgebra W {n,m) is F-spanned by all frdr, where fr G 0{n,m), 
r G l,n + m. Note that W{n, m) is a free O (n, m)-module with basis {dr | r G 1, n + m}. 
In particular, W{n,m) has a standard ¥-basis {x'-°''>x"dr \ {a,u,r) G Nq x B(m) x 
1, n + m}. 

For an n-tuple a := (ai, . . . , «„) G Ng , put |a| := X^iLi ^i- When m = n + 1, we 
usually write O := 0{n,n + 1), W := W{n,n + 1), A := N[,' and B := M{n + 1). If 
M := (zi, . . . , v) G B, put 

II J |u| + 1, if 2n + 1 G w 

II " 11-^ \ if2n + l ^w. 

Recall the standard Z-grading, O — ®i>oC's.[i]5 where 

Osj,] := spanj.{x(")a;" | |a| + |u| =i,aeA,ue B}. 
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It induces naturally the standard grading W = ©i>-iWs,[i], where 

Ws,[{\ := spaufifdj \ f G Osjj+i],j G l,2n + 1}. 

The standard gradings of O and W are of type (1, . . . , 1 | 1, . . . , 1). Let Wg.i — J2j>i ^s,[j] ■ 
Then (H^s,i)i>-i is called the standard filtration of W. 

We shall also use the principal grading O = ©i>oCp,[i], where 

Cp,[j] := spanj.{x^"^a;" | \a\ + \\u\\ = i, a e A, u e M}, 
and the principal grading W — ®i>-2W^p,[i] j where 

Wp^[i] spanF{/9j | / e Op,[^+i+5,_2„+i]> J ^ l,2n + 1} 

(cf. [H). The principal gradings of O and W are of type (1, . . . , 1 | 1, . . . , 1, 2). 

For a vector superspace V = Vg © Vj, we write p(a;) := d for the parity of a Z2- 
homogeneous element a; G Vg, 61 G Z2. Once the symbol p{x) appears, it will imply that 
a; is a Z2-homogeneous element. 

The odd Contact superalgebra, which is a subalgebra of W, is defined as follows (see 
[H for more details): 

KO{n, n + l):= {DKo{a) | a G O}, 

where 

DKoia) := Tnia) + (-l)P("'a2„+i(a)S + {E{a) - 2a)d2n+i, 

2n 2n 
i=l i=l 

., J i + n, if I G 1, n , J 0, ifiGl,n 

* I i - n, if i G n + l,2n, '~ \ 1, if « G n+ l,2n + 1. 

For the operator and further information, the reader is referred to ^] . Note that for 
a,6 G O (see d), 

[DKo{a),DKom = i?;fo(^i^o(a)(fe) - (-l)P(")292„+i(a)fo). (1.1) 

For simplicity, we usually write KO for KO{n, n + 1). Note that KO has a so-called 
principal Z-grading structure denoted by 

KO = ®^>-2K0p^^^, where i^Op,[i] KO n Wpj,]. 

In particular, 

ifOp,[„2] = F.i?K0(l), 

i^Op_[_i] = spauj-jDif 0(2:1) I i e l,2n}, 

^Op,[o] = sj)aiij^{DKo{x2n+i), DKoixiX-j) \1 <i <j < 2n}. (1.2) 

Let 

Xp^i := ^ Xpjj] , where X ^ W ot KO. 

Then (Xp_i)i>_2 is called the principal filtration of X. Recall that the infinite-dimensional 
generalized Witt superalgebra W{n, n) contains the following Lie superalgebra as a sub- 
algebra (see [H, 0]): 

SHO'{n,n) := {Tnia) \ a G 0{n,n),A{a) = 0}, where A := Er=i^i^i'- 

Convention: In the sequel we shall write KO^i^ and KOi for KOp ]^^ and KOp^i, 
respectively. 
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2. Ad-nilpotent elements 

Let L be a Lie superalgebra. An element y € L is ad-nilpotent if as a transformation 
ady is nilpotent on L. Let i? be a subalgebra of L. Put 

nil(i?) := the set of the elements in R which are ad-nilpotent on L, 
span]p.nil(i?) :— the subspace spanned by nil(i?), 
Nil(i?) := the subalgebra of L generated by nil(i?). 

Lemma 2.1. Suppose a £ O is o J 7^- degree 2 with respect to the standard grading. If 
92n+i(a) — 0, that is, if a £ 0{n,n), then 

[DKo{a),DKom = DKo{TH{a){h)) for all be O. 

Proof It follows from (fTTIl . □ 

A nonempty subset 5* of a Lie superalgebra L is called a Lie-super subset if S is 
closed under the multiplication of L and it spans a sub-superspace (and then is a Lie 
superalgebra). A slight modification of @, Theorem 1.3.1] yields the following lemma. 

Lemma 2.2. Suppose V is a vector superspace over F and S a Lie-super subset of Lie 
superalgebra qI(V). If S consists of nilpotent linear transformations spanks' is of finite 
dimension, then spaupS' is strictly triangulable on V, that is, there is a finite sequence 
(^)o<i<m of sub- super spaces such that 

= Vq d Vi C ■ ■ ■ d Vm ^ V; x{Vi) C Vi-i for all x S spauj-S". 

Lemma 2.3. W^^i C nil(VK). 

Proof. There exists a sub-superspace V C Ws.i such that 

tVp,! = spanF{x2„+i9j | « e 1, 2n} + V. 

For E e Wp,i, write E — Eq + Ei, where Eq G spanj.{x2„+i9j \ i £ I, 2n}, Ei £ V. Put 
E2 ■= [Eo,Ei]. Then there exists an n-tuple t of positive integers such that Ei,E2 £ 
Ws,i(n,n-t- l;t) := W{n,n + l\t) n VFs,i [see for a definition oiW{n,n+l;t)]. Note 
that 



S :— spanp{ad(a;2„+i9i) \ i £\, 2n} U adWs,i(n, n-\-l]t) 

is a Lie-super subset of the general linear Lie superalgebra g[(VF). A direct computation 
shows that span]p{x2n+i9i | i £ l,2n} C nil(H^). By virtue of d, Theorem 2.5], we have 
Ws4(n, n + l;t)£ m[{W). Then Lemma ensures that E £ nil(W^). □ 

Lemma 2.4. (1) KOi C n\\{KO). 

(2) Suppose y = yy,,] + yi+i £ m[{KOi), where £ KO\i\ and y^+i £ KOi+i. Then 
£ nil(ii:0[,]). 

(3) Suppose y = ?/[-!] + J/o G ^^^^KOq), where £ KO^^i^ fl KOq and yo £ 
KOo n KOq. Then y^^^ = 0. 

(4) Nil(XOo) = Nil{KO[o] n KOo) + KOi n KOq. 
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Proof. (1) Since KOi C Wp,i, by virtue of Lemma O we get KOi C m\{KO). 

(2) Similar to '8, Lemma 2.7], one may prove (2). 

(3) Suppose = Y^"^ia,DKoixt'), where a,, e F. Note that Dxoix'^''''^^''^'^) e 
ifO for fc S N. If aj ^ for some j £ then y[-i] is not ad-nilpotent, since 
(ad?/[_i])'=(Djfo(a;(^''+^^^^^)) = a^jDKo(xj) ^ 0. This contradicts (2). Therefore, a, = 
for aU j G 1, n, that is, = 0. 

(4) It follows from (1) and (3). □ 

Lemma 2.5. IJ i ^ / G "Whi, then {TH{x^Xj) fP = 0. 
Proof. Note that 

= (-l)''W+^W^(^")x,9,, + , (2.1) 

{xjdi'Y = {xidjiY = and , for all i ^ j' ^ l,2n. In combination with 

([TTI) . we have (T^j (a:,^;^))^^ = 0. □ 



Lemma 2.6. For i,j G l,2n, t/ie following statements hold. 

(1) ///GO, I?A-o(/) e /^O[o] arirf 92„+i(/) ^ 0, then DkoU) i nil(i^O[o]). 

(2) Suppose i 7^ j' and ai G F /or all i G 1, n. T/ien 

n 

DKo{xiXj) G nil(ifO[o]), y^aji:>go(xia:tO ^ nil(A'0[o]) or is 0, 

i=l 

DK0{X^X,') i Nil(XO[o]), DKo{x2n+l) ^ Nil(XO[o]), 

DKo{xtXi> ~ XjXj>) G Nil{KO[Q]). 

Proof (1) Suppose f e O, DkoU) £ KO^^^^ and (92ri+i(/) 7^ 0. Then there exist 
^ a G F and /o G ©(n, n) such that / = ax2n+i + /o- Since 

[I^i^o (aa;2«+i + /o),-Dko(1)] = 2ai:>Ko(l), 

we have DKoif) 4- nil(ifO[o])- 

(2) Applying Lemma |2. II we obtain by induction on k that 

{■i^ADKo{x,Xj)f{DKo{f)) = DKo{Tu{x^x,f{f )) for all A; G N, 

where f G O. Since Ker(_Di<-o) = 0, one sees that DKo{xiXj) is ad-nilpotent if and only 
if TnixiXj) is a nilpotent transformation of O. Then by Lemma 12.51 we know that 



DKo{xiXj) G nil(A'0[o]) for all i ^ j' <E 1, 2n. 

Note that 

n 

|^^aiI?xo(a;i2;j')i^A'o(a:ja;2n+i) = -ajDKo{xjX2n+i), j 6 
If Sr^i aiDKoix^Xi') ^ then 

n 

^fliZJifoCa^ja;,;') ^ nil(ii'0[o]). 

i=l 
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It follows from (1) that ml{KO[o]) C SHO'{n,n). Therefore, Wi\{KO[o]) C SHO'{n,n). 
But DKo{xiXe), DKo{x2n+i) SHO'{n,n), thus 

DKo{xiXi'),DKo{x2n+l) ^ Kl\{KO[o]). 

By virtue of the fact that 

[DKo{xiXj),DKo{xi'Xj>)] = -DKo{xiXi- - XjXj'), 
we have DKo{xiXii — xjXji) G Nil(ifO[o])- 

3. Invariant subalgebras 

Let 



NoiKOomiKO-o)), 
{yeKOi I [y,XOi] CT}, 
^{yeKOj I [y,Q] CNil(i^Og)}. 



It is easy to see that T is an invariant subspace under the automorphisms of KO and so 
are Q and 

Proposition 3.1. T = ifOon-ftTOo. In particular, KOqCiKOq is an invariant subalgebra 
of KO. 

Proof. Let 

n 

y = X] o-i^Koixi') + y" e T, 

i=l 

where Oj e F for alH G y" G KO^ n /^Og- Assume that Cj ^ for some j G l,n. 
Take j ^ k e T~n. By Lemma [^^ 4). we have DxoixjXkXk') G A'Oi nA'Og ^ Nil(i^Oo). 
Then 

-ajDxoixkXk') - akDKoixjXk') + h 

n 

= [^y^a.i£'go(xi/) +y",DKoixjXkXk') G Nil(i\:Og), 

i=l 

where /i G KOi n i^Og. This contradicts Lemma [2?6y2l and then T C KOo n JCOg. On 
the other hand, by (|1.2p and Lemma [2?6l 2). we have 



iCOo n KOo = spanj.nil(ii:Og) + Y, 
where F := spanj.{Difo(a;ia;i'), £'ko(2^2ti+i) | i G I,"}- By we have 

[r,Nil(i^Og)] C Nil(A'Og). 

Then 

[ATOo n XOg, Nil(A:Oo)] = [spanj.nil(is:Og) + Y, mi{KOo)] C Ni^XOg). 
The proof is complete. □ 
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Lemma 3.2. £3 C spa,nf{DKo{xiXj) \ l<i<j<n} + KOi f) KOi- 
Proof. For y G £}, we may write 

y = DKo{a) +y', 

where a e F, y' e KO-i n A'Oj. Note that DKo{xi'X2n+i) G A'Oj. Then 

-2aDKo{xi') + h= [DKo{a) + y' , DKo{xi'X2n+i)] e KOq n KOq, 
where h £ KOa D KOq. Then a = 0. Thus we may write 

n 

2/ = X! ^i^Ko{xi) + y", 

i=l 

where G F for all i G l,rt, y" G ATOo H ifOj. If aj ^ for some j G l,7i, take 
j ^ k e l,n. Note that DKo{xj'Xk') G A'Oj. We have 

DKoiajXk' ~ akXj') + h ^ ^y^^aiDKo{x^) + y'\DKo{xj'Xk') e KOq n KOq, 

where h G KOq D KOq, contradicting that aj 0. Thus we may write 

y= ^ a^jDKoixiXj) + ^ bijDKo{xi'Xj>) +y", 

where a^j, 6^^ G F for all 1 < ^ < j < n, G -fCOi fl KOi. Assume that bki / for some 
1 < A: < / < n. Since DKoi^k) ^ KOi, we have 

k — l n 

^-hkDKoix-,') + bkiDKoixt') + [y,DKo{xk)] e KOqHKOq, 

i=l i=k + l 

where h G KOq n KOq, contradicting the assumption that 5fc( ^ 0. Then 

£3 C spanj.{L»Ko(a;ia;j ) | 1 < « < j < + KOi n ATOi 
and this completes the proof. □ 
Remark 3.3. For i j E l,n, we have DKo{xiXiiX2n+i) G Q, DKo{xi'XjXji) G O. 

Proposition 3.4. DJl = KOq D KOi. particular, KOq fl KOf is an invariant subal- 
gebra of KO. 

Proof By ([121), Lemmas [2^4) .[2:6121 and [Sill we have 

[KOonKOi,£l] C [KOQr\KOl,spanr{DKo{x^XJ)\l<i<j<n} + KOl^\KOl] 
C Nil(A:Oo). 

Hence KOq fl KOi C Conversely, for y G DJl, we may write 

y = DKo{a) +y', 
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where a G F, y' £ KO-i n KOi. By Remark |3.3[ we have 

2aDKo{xiXi') + h = [Dko{(i) + v' , Dko{ )] G Nil(ifOo), 

where h G KOi H KO^. By Lemma we have a — 0. Thus we may write 

n 

aiDKoixi) + y", 

2 = 1 

where G F for alH G l,n, y" G JiTOo ^ iCOj. Assume that Cj ^ for some j G l,n. 
Take j ^ fc G 1, n. By Remark 13.31 we have 

ajDKo{xkXk') - akDxoixj'Xk) + h 

n 

= ^^aiDKoixi) +y",DKo{xj'XkXk') G Ni^/COg), 

2 = 1 

where h G KOi DKOq. By Lemma l^75r 2'). we have Uj — 0. This contradicts the assump- 
tion that aj 7^ 0. Thus 2Jt C KOq fl /COj and the proof is complete. □ 

The key in this paper is the foUowing proposition. 

Proposition 3.5. KOq is an invariant suhalgebra of KO. 

Proof. It foUows from Propositions 13.11 and 13.41 □ 

4. Filtration, automorphisms and classification 

One of the main resuhs is as fohows, which is a direct consequence of Proposition 
and the fohowing Lemmas 14.21 and 



Theorem 4.1. The principal filtration of KO is invariant under the automorphisms of 
KO, that is, ip{KOi) — KOi for all i > —2 and all automorphisms ip of KO. □ 

Lemma 4.2. KO-i/ KOq is the unique irreducible KOo-submodule of KO/ KOq. In 
particular, KO-i is an invariant subalgebra of KO. 

Proof. Clearly, KO-i/ KOq is an irreducible XOo-submodule. To show the uniqueness, 
suppose M /KOq is a nonzero iiTOo-submodule of KO/KOq, where M D KOq is a KOq- 
submodule of KO. For 7^ y G M, one may write y — Dko{^) + y', where y' G KO-i. 
Then 

[DKo{xiX2n+i),DKo{'^) + y'] e M for aU i G l,2n. 
Note that [DKo{xiX2n+i),y'] & M. We have 

'2DKo{x^) = [Dko{ ),DKo{i)]eM 
for all i G l,2n. Therefore, KO-i/KOq C M/KOq. The proof is complete. □ 
Lemma 4.3. KO^ = {y G KO,-i \ [y,KO-i] C KO,-i} for all i > 1. 
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Proof. Put 

(), {y G KO.-i \ [y,KO-,] C XO,_i}. 

Clearly, KOi C For all y G f).;, we may write y :— J2j>i-i Vj^ where yj G KO[j^. By 
the definition of()i, [yi-i,KO-i\ = 0. Let j/^^i := .^^ 6Q,,„Z3xo(a^^"^a;"), where a e A, 

M e 1, Dxoix^'^^x'') e iCOi^-i] C iiTOo, K.u e F. For any fixed /3 ^ with /3fc > 1 for 
some fc £ 1, n, we have 

Consequently, 6q_„ = whenever a ^ 0. It remains to consider the case a = 0. Fix any 
w 7^ 0. If there is / € n + 1, 2n such that I G u. Then 

= [Y,bo,uDKoixn,DKo{xi') 

0,u 

= - {~ir^^"^d2n+iixnxi'). 

0,11 

It follows that 6o,u = 0, where {2n + 1) 7^ w G B. Taking z G 1, 2n, since 

= [bo^{2ji+l)DKo{x2n+l), DKo{Xi)] = ^0, (2n+l) ^'aTO (a^i ) , 

we have 6o,(2n+i) = 0. Therefore, — and then t)i C KOi. D 

As a corollary we give a characterization of the automorphisms of KO: 

Theorem 4.4. Two automorphisms of KO coincide if and only if they coincide on the 
— 1 component KO[_iy 

Proof. Let cj) and ip be the automorphisms of KO. It sufhees to prove that \kO[_i] = 
ij) \kO[_i] implies <^ = -0- As in Corollary 18], using Theorem 14. II one can prove that 

\kO-i = \kO-i ■ Since 

(j}{DKo{l)) - <t^{[DKo{xi),DKo{xv)]) = 0([i?/fo(a:^i),CKo(a:i')]) = ^(i?Ko(l)), 
we have (p \kO[_2]~ ^ l-'<'0[-2] • Then 4> ~ ip and the proof is complete. □ 

We are now in position to state the final main result in this paper, which says that the 
parameter n defining the odd Contact superalgebra KO{n,n + 1) is intrinsic and then 
all the infinite-dimensional odd Contact superalgebras are classified up to isomorphisms. 

Theorem 4.5. KO{n, n + 1) = KO{m, to + 1) if and only if n = to. 

Proof of Theorem \4-5\ One direction is obvious. Assume that a : KO{n,n + 1) — > 
KO{m,m + 1) is an isomorphism of Lie superalgebras. Clearly, 

cr(NorKo(n,«+i)o(Nil(ii:C'(n, n + l)o))) - Nori^o(m,m+i)g (Nil(is:0(TO, to + l)o)). 

In view of the proof of Proposition 13.11 we have 

KO{n, n + l)o n KO{n, n + l)o = NorKo(n,„+i)s (Nil(if 0(n, n + 1)5)). 
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Therefore, 

a{KO{n, n + 1)0 n KO{n, n + l)o) = KO{m, m + l)o n KO{m, m + 1)^. (4.1) 
Recall that 

Q = {y e KO{n, n + l)j I [y, KO{n, n + C KO{n, n + l)o n KO{n, n + 1)5} 

and 

m={ye KO{n, n + 1)1 I [y, Q] C mi{KO{n, n + l)g)}. 
By Lemma 13.21 and Proposition 13.41 we have 

a{KO{n, n + 1)0 n KO{n, n + = KO{m, m + l)o n KO{m, to + l)i. (4.2) 

By dHH) and K^ . we have 

a{KO{n, n + l)o) = KO{m, ni + l)o. 

Therefore a induces an isomorphism of Z2-graded vector spaces 

cr' : KO{n,n + 1) / KO{n,n + l)a — > KO{m,m + I)/ KO{m,m + l)o. 

Since KO{n,n + 1)/ KO{n,n + l)o = KO{n, n + 1)[_2] ® KO{n,n + as Z2-graded 

vector spaces, we have 

dim{KO{n,n+l)[_2]®KO{n,n+l)[_i]) = dim(i^O(m, m + 1)[_2] ©i^O(m, m + l)[-i]). 
This implies that n + 1 = to + 1, that is, n = m. The proof is complete. 
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